By means of a suitable rational approximation to the logarithmic derivative of the wavefunction we obtain tight upper and lower bounds to the eigenvalues and critical parameters of the quartic double-well potential.
Introduction
The anharmonic oscillator with the potential-energy function V (x) = m 2 x 2 +gx 4 has been widely studied in many different contexts and one can find hundreds of papers on this model that is also discussed in many textbooks. It is therefore almost impossible to try a satisfactory review of the literature. Here we are mainly interested in some results obtained by Turbiner [1, 2] who discussed both the single well (m 2 > 0, g > 0) as well as the double well (m 2 < 0, g > 0)
cases. In particular, Turbiner considered the most interesting case in which E(g crit ) = 0 when m 2 = −1. More precisely, in the case of the double well the parameter g is chosen so that the energy equals the value of the potential at the top of the barrier located between the two wells. Turbiner [1] obtained g crit = 0.302405 for the ground state but it is obvious that one can obtain similar critical potential parameters for every quantum-mechanical energy. He also discussed the closely related potential V (x) = ax 2 + 2x 2 for positive and negative values of a [2] .
The purpose of this paper is to obtain several critical parameters with sufficient accuracy using the Riccati-Padé method (RPM) that proved suitable for the calculation of accurate eigenvalues of one-dimensional and separable Schrödinger equations [3, 4] (see also [5] for a literature review). The RPM is based on a rational approximation to the logarithmic derivative of the wavefunction. Although the logarithmic derivative of the wavefunction is also the basis for the remarkable variational-perturbation theory proposed by Turbiner both approaches are completely different.
In section 2 we briefly discuss the model, section 3 outlines the main ideas of the RPM in order to make this paper sufficiently self-contained, section 4
contains a discussion of the results and section 5 is devoted to further comments and conclusions. 
are either even ψ(−x) = ψ(x) or odd ψ(−x) = −ψ(x). An even state exhibits a stationary point at x = 0 because ψ ′ (0) = 0. If we assume that ψ(0) > 0 then the second derivative at origin ψ ′′ (0) = −Eψ(0) indicates that the point x = 0 can be either a maximum, a minimum or an inflexion point when E > 0, E < 0 or E = 0, respectively. Since dE/dg = x 4 > 0 we conclude that for every eigenvalue there exists a critical value g = g crit such that E(g) > 0 when g > g crit , E(g) < 0 when g < g crit and E(g crit ) = 0. This analysis applies to every state ψ k (x), where k = 0, 1, . . ., and, consequently, we will have the corresponding critical value g k given by E k (g k ) = 0, where E 0 < E 1 < . . . for every value of g. However, in the case of and odd state we always have ψ(0) = 0 and ψ ′′ (0) = 0 because of parity. As indicated above, Turbiner [1, 2] calculated only the critical value for the ground state.
The Riccati-Padé method
In this section we outline the application of the RPM [3, 4] to the eigenvalue equation (1) where V (x) is symmetric about the origin: V (−x) = V (x). Without loss of generality we assume that V (0) = 0. If V (x) is analytic at the origin we can expand it in a Taylor series
The regularized logarithmic derivative of the eigenfunction
where s = 0 or s = 1 for an even or odd state, respectively, satisfies the Riccati equation
Since the term 1/x in equation (3) removes the pole of ψ ′ (x)/ψ(x) at the origin in the case of an odd state, we can expand f (x) in a Taylor series
for any state (either even or odd). The coefficients f j can be easily calculated by means of the recurrence relation
The radius of convergence of the Taylor series (5) is determined by the zero of ψ(x) closest to origin. A better approximation is a rational function or Padé approximant [6] that takes into account all the zeroes of the eigenfunction (poles of f (x)). However, instead of a standard Padé approximant we choose
, where
Since we can arbitrarily choose b 0 = 1 we are left with M + N + 1 coefficients of the rational function and the unknown energy E as independent adjustable parameters. Therefore, in order to satisfy equation (7) the approximate energy should be a root of In the case of the double-well potential V (x) = −x 2 + gx 4 the Hankel determinants depend on both E and g. If we set E = 0 then we obtain sequences of roots g [D,d] that converge towards the actual critical values of this potential parameter. It was shown that in the case of a quartic potential there are sequences of roots of the Hankel determinants that converge from above or below towards the eigenvalues depending on the value of d [3, 4] . For this reason, when E = 0 we expect to obtain upper and lower bounds to the critical values of g.
Results
In order to calculate the eigenvalues or their associated critical parameters we obtain the coefficients f j (E, g) and the Hankel determinants (8) analytically by means of available computer algebra software and then the roots of H d D (E = 0, g). The numerical calculation of the roots is straightforward because the coefficients f j (E, g) and, consequently, the Hankel determinants are polynomial functions of both E and g. Tables 1-12 show the critical parameters g 
Critical parameters

Eigenvalues for a deep well
In the case of a deep well any approximation based on the Taylor expansion of the wavefunction about the top of the barrier is expected to be most inefficient [1, 2] . The RPM is not an exception and its accuracy deteriorates noticeably with the well depth. However, its rate of convergence is so great that it is still a useful approach. In order to illustrate this point we choose the potential for k = 0, 1, respectively, and D ≤ 30. In this case we appreciate that E
which enables us to estimate the eigenvalue with remarkable accuracy because E
Once again we confirm the accuracy of the results obtained by Turbiner If we expand the potential about one of its minima, say x = x m , then there are two unknowns to be determined: E and f 0 = f (x m ). In this case we have to resort to a variant of the RPM that is suitable for nonsymmetric potentials [7] that we do not discuss here in detail. One of the features of the RPM is that the number of roots in the neighbourhood of an eigenvalue increases with D [5] .
This fact makes the calculation of the optimal sequence of roots more difficult in the present case because the search should be carried out in a two-dimensional space. 
Resonances
Further comments and conclusions
The RPM has been applied to a wide variety of one-dimensional and separable models along the years [3-5, 7, 8] . In this paper we show that it is suitable for the accurate calculation of the critical parameters of parity-invariant doublewell potentials. In the case of the quartic potential it provides tight upper and lower bounds. The calculation of the eigenvalues reveals another feature of the approach that was not noticed earlier. If we apply the algorithm for symmetric potentials we obtain tight upper and lower bounds to the eigenvalues even for the two lowest ones that are almost degenerate in the case of deep wells. If, on the other hand, we expand about one of the minima and apply the algorithm for non-symmetric potentials [7] we only obtain the average of such energies.
In closing we want to stress once more the remarkable accuracy of the results obtained by Turbiner [1, 2] by means of a variational-perturbation approach based on relatively simple analytical functions. Table 16 : Lowest resonance for V (x) = x 2 − 0.1x
